Abstract A class of static, vacuum solutions of (free-electromagnetic) Kaluza-Klein equations with three-dimensional spherical symmetry is studied. In order to explore the dynamic in such spacetimes, geodesic equations are obtained and the effective potential for massive test particles is analysed. Particular attention is devoted to the properties of the four-dimensional counterpart of these solutions in their Schwarzschild limit. A modification of the circular stable orbits compared with the Schwarzschild case is investigated.
strong constraint concerning their validity. Moreover, scalar fields which are naturally provided by such theories play a crucial role in the dynamics of the present inflationary models (see for example [8] ). 5D Kaluza Klein models provide the geometrization of the electromagnetism and a scalar field associated to extra dimensional component of the metric. The gauge invariance arises as a spacetime symmetry realized imposing the invariance for translations on the compactified fifth dimension. Nevertheless, the study of test particle dynamics shows a great problem of such theory, known as the chargemass puzzle. It is possible to recover the Lorentz equation for the particle motion, but the charge-mass ratio does not match with any observed particle because the theory provide huge massive modes near the Planck scale. Some works propose a solution making a revision of the approach to the particle dynamics which is usually adopted in these models; for instance in [9] , a definition of a 5D particle as a localized matter distribution in the ordinary 4D spacetime but as a delocalized one on the fifth dimension is considered. It leads to a different definition of mass that solves the charge-mass puzzle.
In this work we study test particles motion in a five dimensional, electromagneticfree, Kaluza-Klein (KK) model. As an extension of the Schwarzschild solution in a 5D scenario, we consider here a vacuum solution of KK equations with 3D-spherical symmetry. Using an effective potential approach to the motion, we are able to find the last circular orbit radius and in particular the last stable circular orbits radius of a charged or neutral test particle. The work is motivated by the aim to provide an experimental constraints on the validity of multidimensional gravity theory exploring the dynamical effects of the extra compactified dimension. The presence of such a dimension should produce a non trivial departure from the dynamics in the corresponding 4D counterparts of these solutions. At first, we analyze the test particles motion by a standard approach to the Kaluza-Klein dynamic, therefore performing a dimensional reduction to four dimensions of a 5D free particle following a 5D geodesic. Then we compare this approach with the new one realized in [9] , based on a Papapetrou multipole expansion of a 5D energy-momentum tensor which is supposed to be picked along a 4D-world tube.
The paper is organized as follows: in Sec. 2 we review some fundamental statements of KK model. In Sec. 3 we examine test particles motion reviewing first the geodesic approach and then considering the dynamics from point of view of the multipole expansion. In Sec. 4 we review the circular motion of a test particle in Schwarzschild geometry by mean of the effective potential approach. In Sec. 5 we recall some of the properties of the generalized Schwarzschild solution. Finally, in Sec.6 we explore the dynamics in such spacetimes, we find an effective potential and we study circular orbits, either in the standard scheme of the motion in KK gravity, either in the approach a lá Papapetrou. The paper will end in Sec.7 where concluding remarks follow.
Five dimensional Kaluza-Klein Model
The 5D compactified KK model is settled by the following assumptions (see for instance [10] , [12] , [13] 
The dimensional reduction of Eq.3 (see also [9] ) provides the set
where
Aa is the Faraday tensor. Hence a free 5D-test particle becomes a 4D-interacting particle, whose motion is described by (4). Eq.5 provides a constant of motion in agreement with the existence of the Killing vector (0, 0, 0, 0, 1). Coupling factors are indeed functions of ω 5 . In particular the electrodynamics coupling factors, in terms of the effective particle charge-mass ratio q/µ(5) is
The right member of the (6) is in general no constant and always upper bounded. Particularly, if we set φ = 1, in order to restore the Einstein-Maxwell theory, we have the bound q < µ(5) which is unacceptable for every known elementary particle. It could be envisaged how such a problem is related within the background of the geodesic approach to the problem of the huge massive mode of the KK tower ( [9, 16, 17] ). For ω 5 = 0, neutral particle test case, Eq. 6 becomes a geodetic one. Moreover, even in a free-electromagnetic scenario, as prospected in the GSS case, charged (ω 5 = 0) particles, being coupled with the extra-dimensional scalar field by a ω 5 -function do not follow in general a geodetic motion.
Papapetrou approach to motion in KK model
In the geodesic approach to the dynamics, the point-like size of the test particle in M 5 is assumed. This assumption has been recently discussed in some works [9, 16, 17] , where the validity of a model with a point-like particle in a compactified dimension is criticised. A new proposal is given, where, adopting a Papapetrou multipole expansion [18] , the particle is described as a localized source in M 4 but still delocalized along the fifth dimension as a consequence of the compactification. Introducing a generic energymomentum tensor (5) T AB associated to the body, governed by conservation laws and not depending on the fifth coordinate, like it happens for metric fields, the following equations are considered:
T AB = 0
Performing a multipole expansion [18] centrad on a trajectory X a , at the lowest order the procedure gives the motion equation for a test particle:
Below the definitions for coupling factor m, q, A and the according definitions for the effective test-particle tensor component follow:
The parameter m correctly represents the mass of the particle, which turns out to be localized just in the ordinary 4D space, as it is envisaged by the presence of a 4D Dirac delta function in the above definitions. The equation 8 admits an effective Action which does not coincides to the Action 2. Via an Hamiltonian analysis of such a revised Action, it can be proved that the KK tower of massive modes is suppressed, and the q/m ratio is no more upper bounded. Indeed, it can be proved that the motion of the particle is correctly governed by a dispersion relation of the form
where mass is now variable due to scalar fields. Therefore such an approach allows to deal with test particle consistently without giving up with the compactification hypothesis. Charge q is still conserved, in consequence of the continuity equation ∇µJ µ = 0, which arises from (7). Mass is in general not conserved and its behaviour is given by
Therefore the behaviour of mass is related to the variation of the scalar field and the new coupling A (which has a pure extra-dimensional origin) along the path. An interesting scenario concerning A to be investigated should be to assume A ∞ mφ 2 :
by this way Eq.13 admits an easy integration, providing a power law dependence of mass on the scalar field and , more important, restoring the free falling universality of particle in Eq.8 when a vanishing electromagnetic field is considered.
Circular orbits in a Schwarzschild space-time
Let us consider the usual 4D Schwarzschild geometry:
where ∆(r) = (1 − 2M/r). Using background symmetries, we now restrict to the equatorial geodesics. Tangent vector u α to such a curve is u α = dx α /dτ =ẋ µ , where we choose τ to be the proper time. The metric (14) admits the Killing field ξ t = ∂ t and ξϕ = ∂ϕ , therefore we have the constants of the motion E = g αβ ξ α t u β = ∆(r)(ṫ) and
that respectively represent the total energy (per unit rest mass) of a particle with respect to a static observer at infinity, and the angular momentum (per unit rest mass) of the particle. Given a particle with rest mass µ its dispersion relation g αβ p α p β = µ 2 now reads:
Solving forṙ we equivalently have (ṙ)
effective potential V (r) is defined by the following formula
and it identifies the value of E/µ at which the (radial) kinetic energy of the particle vanishes. Circular orbits correspond to the extrema of the effective potential, therefore solving with respect to L the equation ∂rV = 0 we are able to find the angular momentum L/µ and then the energy E/µ of the particle in a given circular orbit. We have:
where for r → 3M , E → ∞. On the other hand, solving the circular orbits radius r/M as function of the angular momentum we find the following two solutions
The minimum radius for a stable circular orbit, rlsco, occurs at the inflection points of the effective potential function, therefore we must solve the equation
= 0 (see for example [19] , for a generalization to Kerr Newmann metric [20] ). In this case rlsco = 6M : stable circular orbits do not exist at radii smaller than rlsco. Unstable circular orbits are restricted to the range 3M < r < 6M .
Generalized Schwarzschild solution
Given the 5D Ricci tensor associated to the 5D metric according to (1), we have the KK equation in vacuum : [22] , [23] ) is a stationary, free-electromagnetic solution of 5D-KK equation in vacuum, with 4D-spherical symmetry 3 . After the KK reduction procedure we have equivalently a system of 4D Einstein equation coupled to a massless scalar field:
Here ∇ µ is the covariant derivative compatible with the 4D-spacetime metric and 2 ≡ ∇ µ ∇µ. We look for a solution of the form 3 The ordinary 4D-spacetime M 4 of the direct product M 4 ⊗ S 1 is spherically symmetric; in other words the sections t = cost, r = cost and x 5 = cost of M 5 are S 2 (spherical surfaces in the ordinary 3D-space). Solutions ǫ ± , of ǫ 2 k 2 − k + 1 = 1, are plotted. Every points set a metric of the family solutions.
Requiring the 3D spherical symmetry and the independence of the metric coefficients from the time t, we are able to obtain a family of exact solutions of the field equations which are asymptotically flat:
The GSS solution is not unique, because in our framework the Birkhoff theorem does not hold [22] , and it depends on the real parameter (ǫ, k), which are constant ( Fig.1 ) and constrained by ǫ 2 k 2 − k + 1 = 1 . The constant parameter a is related to the mass of a central body which is supposed to act as source. The Schwarzschild limit is recovered for ǫ → 0, k → ∞; in such a limit a = 2c 2 /(GMS) -being MS the Schwarzschild mass and G the usual Newton constant-and the above expression turns into the usual 4D exterior solution related to a central body. Noticeably, the Schwarzschild limit is obtained when φ = 1. Since we study the exterior solution we are able to perform the following transformation:
From Eqs. 20 and 21 a one-parameter family is recovered in the 4D-spherical polar coordinate 4 {t, r, θ, ϕ} where dΩ 2 ≡ sin 2 θdϕ 2 + dθ 2 . We have:
where ∆(r) = (1 − 2M/r). It is generally used to explore the region k ≥ 0 and ǫ ≥ 0 to investigate the physical properties of solutions 5 (22) . Within such a range, the GSS solution presents a naked singularity behaviour that resolves 6 in a black hole one only in the Schwarzschild limit for (ǫ, k). Here we consider no negative metric parameters, analysing particle motion in the region r > 2M , (for a review see [10] ). The physical meaning of the metric parameter k, or alternatively the ǫ parameter, has been widely discussed in literature. It is important to note here that this parameter characterises the spacetime external to any astrophysical object described by the selected GSS solution: each values of the k-constant sets a metric solution as well as the source associated to that solution. Following this interpretation, there should be one different value of the k parameter associated to one different source. In particular, in a more stringent way in [24, 25] , the free metric parameter is totally determined by measurements in 4D by taking into account the surface gravitational potential of the astrophysical objects, like the Sun or other stars. Indeed, despite of the naked singularity feature showed far from the Schwarzschild limit, GSS solutions are supposed to describe in principle the exterior spacetimes of any astrophysical sources that satisfy the required metric symmetries and the source is supposed to be embedded in a cloud provided by the scalar field. Generally, to test the validity of such models, many efforts have been made to describe the solar system by a GSS solution; a particular value of k, adapted to fit the prediction of the standard gravity tests with experimental data, has been associated to the Sun (see for a review [10] , see also [11] ). Each comparison gives a peculiar estimation for k; all these different estimations are based on different tests assumed to probe the model validity. Modelling the Sun by a GSS solution should require a fine tuning of the characteristic parameter. For example, in [26] , experimental constraints on equivalence principle violation in the solar system translate in a k > 5. × 10 7 . Extra dimensions play thus a negligible role in the solar system dynamics. Meanwhile, by measures of the surface gravitational potential in [24, 25] , the Sun seems to be characterized by a k = 2.12. On the other hand all the standard tests on light-bending around the Sun, or the perihelion precession of Mercury, constrain k 14.
6 Time-like circular orbits in the GSS spacetimes.
Geodesic approach
Studying the timelike circular orbits in the background (22) , at first we consider test particles motion in the geodesic approach where a constant test particle mass µ(5) = cost is considered. Let us consider the 5D momentum
the following conserved quantities in (M 5 , g 5 ) can be defined:
PA,
PA.
Introducing the quantities
PA and
PA, that are in general non constant along the motion, we can also write: 
E and
L. The Schwarzschild limit of the constants of motion is
In this limit
L on the surfaces x 5 = cost, where Eqs.4 are geodesic; hence (4) E and (4) L are respectively interpreted as the energy at infinity and the total angular momentum. In general, in the case of charged particle, we interpret (5) E and (5) L. as the energy at infinity and the total angular momentum of a particle following the trajectory defined by the first of (4) in (M 4 , g 4 ). A 5D-Lagrangian (5) L and its 4D-counterpart (4) L are defined as (5) L ≡ gAB
L ≡ gµν (4) P µ (4) P ν . Explicitly we have:
Γ 2 /g55 whereṙ ≡ u r . An effective potential is usually defined via the value of (5) E /µ(5) at which the (radial) kinetic energy of the particle vanishes. We have:
, or
(26) More explicitly:
The condition for the occurrence of the circular orbits is: ∂ L we find and the angular momentum (5) L/(M µ(5)) and the energy (5) E /µ(5) of a particle in a circular orbit of radius r:
In terms of (4) E and (4) L we have:
The Schwarzschild limit on the energy and angular momentum gives following result:
As far as the circular orbit radius rc is concerned, we infer, in agreement with the known result in literature:
The above expression is a free-
Γ quantity with lim k→∞ rc = 3M and rc < 3M ∀k > 0. For an extensive analysis of the motion in the GSS background see [10] , [27] - [28] . The above result implies that the last circular orbit does not depend on the particle charge but it is rather a geometrical feature of the selected metric solution. Moreover, particles in circular orbit (stable or unstable) should be detectable also at values r < 3M . √ k 2 − k + 1 is plotted as function of the metric parameter k. The Schwarzschild limit, r lco = 3M , is also plotted (dashed line). The last circular orbit radius approach r lco = 3M for large value of k. Otherwise r lco < 3M : circular orbits (unstable and stable) are possible also in a region r < 3M .
Papapetrou analysis
Let us consider now the 4D-dispersion relation (12) , PµP µ = m 2 where Pµ = muµ .
Mass is now a varying term, although in this particular case it turns out to be a function of radial coordinate r only and this means that m is constant along the circular orbits (at fixed r). Only in the Schwarzschild limit, or asymptotically, where φ = 1 we have m = m 0 = cost. Anyway, it is always possible to build the constants of motion E and L defined as follows:
An effective potential for a test particle of mass m can be defined 7 adopting the standard procedure. We have 8 :
We now focus on some interesting scenarios prospected by the Papapetrou approach applied to our analysis of motion into the GSS background. We consider here the case in which the dynamical parameter A is a function of spacetime point or A = βmφ 2 ,
where β is a real number. As a particular subcase, imposing β = 0 we at first focus on the case A = 0.
A = 0
Equations of motion (8) 
These equations describe a geodetic motion in the ordinary 4D-spacetime for a test particle of constant mass m, where no scalar field coupling term appears. Formally, these are the same equations of motions we have in (4), where ω 5 = 0 and µ(5) = m. Nevertheless, Eq.(31) describes charged as well as neutral particles. The following conserved quantities in (M 4 , g 4 ) can be defined:
As usually we can define the quantities E and L such that
In the Schwarzschild limit Eǫk = E and Lǫk = L; we interpret the (33) as the energy at infinity and the total angular momentum of the particle. A Lagrangian Lǫk is defined as follows:
The effective potential Vǫk ≡ E/m is defined in the usual way as
The energy Eǫk and the angular momentum Lǫk of a massive test particle in a circular orbit are
where the Schwarzschild limit provide the following free Γ5-quantities:
From (34) we infer rc > [1 + ǫ(2k − 1)] M for the circular orbits radius rc (Cfr.28). The turning points of the effective potential are located in
where last stable circular orbit radius is r + = rlsco, while in the Schwarzschild limit
Moreover it is possible to see, Fig.3 , that rlsco < 6M , ∀k > 0. It is worth noting that the last stable circular orbit radius is located below its Schwarzschild limit; this means that in principle there could be particles in stable orbits for values of radius orbit just less that 6M , and this represents a valid constraint in order to compare theory with experimental data. In Tab1 we report the range |rlsco − 6M |, for selected 9 values of k. The energy and angular momentum of the last circular orbits are : (35)), is plotted as function of the k-parameter. Schwarzschild limit, r lsco = 6M , is also plotted (dashed line). Last stable circular orbit radius approach to the 6M for large value of k. Otherwise rlsco < 6M : stable circular orbits are possible also in a region r < 6M .
It is possible to see, Fig.4 , that the energy Eǫk for all values of k-parameter is always (37)), are plotted as functions k-parameter. Schwarzschild' limits for the energy and the angular momentum are also plotted (dashed lines). The energy Elsco is always below its Schwarzschild limit while Llsco, for k > 3.45644 is over the Schwarzschild limit.
below its Schwarzschild limit, the angular momentum Lǫk is beyond the Schwarzschild limit for k > 3.45644. This fact should not be read as a direct consequence of a possible motion along the fifth dimension, since Eq.(31) does not depend on it, neither on the g55-metric component. We interpret it as a features related to deformation of the Schwarzschild metric as long as k is sufficiently small; see also Eq.(34). This seems to be confirmed also by the fact that Eqs.(36, 37) are the same that one can obtain from the geodesic approach with ω 5 = 0.
In the following analysis we choice different values of the dynamical parameter A where Elsco and Llsco have the same behaviour.
A = cost
As a simplest generalization of the previous case we are going to consider A = cost. Integrating Eq.(13) along a curve γ = γ(s), between the points P = γ(s) and P 0 = γ(s 0 ), we obtain:
In the Schwarzschild limit m = m 0 ; we set 10 A = 2m 0 φ 2 0 , therefore m = A/2φ 2 . Eq. (8) becomes now
which does not depend on A. The effective potential (30) in this case reads:
The momentum L and the energy E for circular time-like orbits are :
and
In the Schwarzschild limit:
Last circular orbit is located at rlco ≡ M [1 + ǫ (2k − 1)] -Cfrt.Eq. (28) . For the last stable circular orbit, as the turning point of the effective potential, (40) we have:
We have a free-A quantity, but it is a function of the only metric parameters (ǫ, k). Also in this case rlsco < 6M and in the Schwarzschild limit rlsco = 6M . See also Tab1.
The energy Elsco/m 0 and the momentum Llsco/(m 0 M ) in the last stable circular orbits are plotted 11 in Fig.6 . (44)), is plotted as function of the k-parameter. Schwarzschild limit, r lsco = 6M , is also plotted (dashed line). Last stable circular orbit radius approach to the 6M for large value of k. Otherwise rlsco < 6M : stable circular orbits are possible also in a region r < 6M . The energy Elsco is always under its Schwarzschild limit while Llsco, for k > 2.48491 is over the Schwarzschild limit.
A = βmφ 2
In the case A = βmφ 2 , where β is a real number, the mass m is no more a constant, but integrating along a curve γ = γ(s), between the points P = γ(s) and P 0 = γ(s 0 ), the following scaling law arises:
Here m 0 φ β 0 = cost and the equations of motion becomes
therefore it does not depend on m but on the constant β. The present case reduces to the A = cost-case when one sets β = 2 and A 2 = 4m The constants L and E are respectively given by: 
In the Schwarzschild limit they became:
where B = m 0 and β = 2n with n ∈ Z. In general, for k > −β last circular orbit is located at r lco ≡ M [1 + ǫ (2k + 1)] and r lco < 3M . In the Schwarzschild limit r lco = 3M . Last stable circular orbit radius, as the turning point of the effective potential (47), is in rlsco ≡ M 3 + ǫ[k + β + (−3 + k + 2kβ − β(2 + β))ǫ] (k + β)ǫ + +M 4 + ǫ 2 [−3k(1 + 2β) (ǫ 2 − 1) + (2 + β) (β − 4 + (β 3 + 2) ǫ 2 )] (k + β)ǫ while in the Schwarzschild limit rlsco = 6M . Radius of last stable circular orbit depends on two free parameters, k , i.e. the independent metric parameter and β, namely the "dynamical" one. Moreover rlsco < 6M for β > 0, while for β < 0 and k > −β, rlsco > 6M is possible. For β = 2 we recover the same physical situations sketched in the case A = 0. More generally it is possible to see that at an increase of β > 0 for fixed values of the parameter k provides an increase of the difference |rlsco − 6M | as listed in Tab.1 for selected values of k and β.
Conclusions
The dynamic in Generalized Schwarzschild solution (GSS) spacetimes has been explored studying an effective potential for massive test particles in circular orbits. First we have analysed the motion by the standard approach to the particle dynamics in Kaluza Klein, therefore considering 5D-particles moving along geodesic curves in a 5D-manifold. Then we consider the motion by an approach a lá Papapetrou to the dynamic considering a 5D particle described by an energy momentum tensor picked along the particle 4D-world-tube. We devoted particular attention to the properties of the four-dimensional counterpart of these solutions in their Schwarzschild limit, in attempts to read the obtained results with the experimental data. A modification of the circular stable orbits has been investigated in agreement with the experimental constraints. In particular, we found in both approaches that, stable circular orbits are possible in general in a region below the Schwarzschild limit (r = 6M ). We therefore explored the range of possible values of the theory parameters fixing some points in the all range of values that should led to some possible observations.
